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An anchored space elevator under the L1 Mars-Phobos libration point

Vladimir S. Aslanov*”
Moscow Aviation Institute (National Research University), 4, Volokolamskoe
shosse, Moscow, A-80, GSP-3, 125993, Russia

Abstract

The paper studies the dynamics of a space elevator deployed from the surface
of Phobos towards Mars. The space elevator consists of a space station and a climber
that can move along the elevator’s tether. The motion of the system occurs under
the conditions of a planar elliptic restricted three-body problem. Two different
system configurations are considered. In both of them, the station is located above
the L1 libration point. In the first case, the climber can move between Phobos and
the station, and in the second case, the climber attached to the end of the tether can
move from the station in the direction of Mars and from Mars to the station direction.
The second configuration of space elevator can be used as a stationary probe (in the
Local-Vertical-Local-Horizontal frame), fixed at a given distance between Mars and
Phobos, and as a means of launching a probe on a fly-around trajectory and a descent
trajectory to the surface of Mars.
Keywords: L1 libration point; anchored space elevator; Phobos surface; equations

of motion.

1. Introduction

Future missions to explore planets and their moons in the solar system may
utilize space tether systems and space elevators as an alternative to jet propulsion
systems. The concept of a space elevator was proposed more than 100 years ago by
Tsiolkovsky [1]. The design of the space elevator was developed by Arnautov [2].
Pearson investigated the problems of buckling, strength, and dynamic stability of an

"orbital tower" connecting the Earth's surface to geostationary [3]. The theoretical
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aspects of the development of space elevators and tethered systems as the basis for
space elevators are the subject of a large number of works, including those by
Beletsky, Levin, Misra, Zhu and others [4-31]. The basis of the Earth's Space
Elevator is an approximately 100,000 kilometres long tether attached to the Earth's
surface. Of course, such a design could be built in the distant future, although some
scientists are more optimistic. A more realistic task looks like building a space
elevator to explore the Mars’ moon, Phobos. The fact that the distance between the
surfaces of Mars and Phobos is about 6 thousand kilometres, and that Phobos always
faces one way towards Mars. Note that in the Mars-Phobos system the L1 collinear
libration point is located only 3.4 km from the surface of Phobos, and if the centre
of mass of a space elevator anchored to Phobos, consisting of a station, a climber
and a tether, is always further than the L1 point of Phobos, then it can be expected
that the tether will be stretched as the climber moves. Only numerical and analytical
calculations can determine this more precisely. Nevertheless, it follows that the
space elevator anchored on Phobos and directed towards Mars could have a length
of about 5-6 km to 6 thousand km. These two circumstances make the building of
such a space elevator a feasible project in the not too distant future. Such a project
could form the basis of many missions to explore Phobos, Mars and the space around
them.

Some theoretical work has already been done on the exploration of Phobos
using tethered systems and space elevators [29, 32-34]. At the same time, the issue
of building a space elevator anchored on Phobos and deployed towards Mars is
considered for the first time.

The aim of the work is to demonstrate the feasibility of building a space
elevator anchored to Phobos and deployed towards Mars. To achieve this aim, a
mathematical model of the space elevator is derived in the context of a planar elliptic
restricted three-body problem, and a control law for the climber's motion is chosen
to ensure that the tether does not become slack. Two configurations of the space
elevator are considered: the first, classical, where the climber moves between the

surface of Phobos and a station located above the L1 libration point; in the second
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case, the end-body moves from the station towards Mars. The second configuration
explores the additional option of having the climber or probe separate from the tether

at the endpoint and then orbit Mars or descend to the surface of Mars.

2. Mathematical models and methods

The following acceptable assumptions are introduced:
1. It is supposed that the primaries move in elliptical orbits around their mutual
mass center (point O in Fig. 1). The distance between the primaries changes over

time and is determined by the expression

p
— F 1
1+ecos f @

Where f isthe true anomaly, p is the semilatus rectum, e is the eccentricity of the

orbit.

2. The space elevator is considered as a double pendulum. The masses of the climber

m, and the station m, are significantly smaller than the primary masses M, and M,

m, m, <M, <M,

(2)
3. The double pendulum consist of weightless rigid rods of variable length 1,1,.
4. In the elliptical restricted three-body problem, the mean rotation is
G(m,+m
df _G(m+m,)p -

dt r’
where G is Newtonian gravitational constant.

Consider the planar motion of the space elevator in gravitational fields created

by two primaries in the Local-Vertical-Local-Horizontal frame Oxy (Fig. 1) within

the scope of the elliptic restricted three-body problem [35]
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where T, =(TiX,Tiy) are the tether tension forces (i=1,2), I, and I, are the lengths

of the tethers 1 and 2, respectively. The potential of Egs. (4) and (5) can be written

in the following form

(8)
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Here m, is the mass of the i-th point, M, is the mass of Mars, M, is the mass of

Phobos; the distances from the primaries to the climber and the space station are
defined as (Fig. 1)
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where 4 and v are the mass ratios (0< £ <0.5, 0.5<v <1).



Fig. 1. The frame Oxy.

The substitution of Nechvile’s variables
X =r&, y, =rn, (i=1,2)

reduces Eqgs. (4)-(7) to dimensionless form [35, 36]
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rreaOF T, is the vector of

where k=1+ecosf, (.)':dif(.) and ()" =

dimensionless tether tension force, Q2 is the potential function defined as
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The position of the tether anchor point A is entered by the dimensionless coordinate

GIV—Ek, (20)
p

where a is the coordinate of the anchored point A in the frame Oxy (Fig. 1).

Position of the 1-point and the 2-point relative to the point A can be defined as
& =0 —Ac080,, n,=-Asing, (21)
& =0 —(Ac086,+2,c086,), 1,=—(45sinG, +4,sin6,) (22)

Here 6, and 6, are the angles of deflection of tethers I, and |, from the line

connecting the primaries (Fig.1). The dimensionless lengths of the tethers are

P TR

L1 22k (23)
r p r
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The transition from Cartesian to polar coordinates can be made using the
expressions (21), (22) in Egs. (13)-(16)
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where 6, =6, -6,,

1011=\/ﬂfsin6’12+(y+o-—ﬂicosel)2, (28)
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The right-hand sides of equations Eqgs. (24)-(27) clearly include the tension

forces of the tethers T, and T,. When the laws governing the change in tether lengths
are known and specified as functions of time Il(t) and Iz(t), Egs. (24)-(27) enable

the determination of the tension forces T, and T,, as follows
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where p, =a+ pu, p,=a—pv.

3. Two types of elevators anchored on Phobos below the L1 libration point

The following two types of anchored space elevators are considered:

1. A classic lunar-anchored space elevator concept, where the motion of a climber
occurs between the surface of Phobos and a station, and it is clear that the centre of
mass of the station-climber system must always be above the L1 libration point
relative to the surface of Phobos (Fig. 2a). In this case the total length of the tether

remains unchanged
| =1, +1, =const (34)

This type of space elevator can be used to transport scientific equipment and samples
from the station to the surface of Phobos and back. In addition, the station can be
placed in a quasi-satellite orbit, which greatly expands the range of transport tasks

that can be solved by such space elevator.

2. A new concept of a hovering lunar space elevator, where the station is anchored
on a tether of constant length above the L1 libration point, and the tethered end-mass

moves from the station towards Mars according to a determined law (Fig. 2b)
|, =const, |, =1,(t) (35)

Once the end-mass has reached a certain altitude, it can either become a stationary
spacecraft between Mars and Phobos (Figs. 2b and 2c), or it can separate from the
tether and go into free flight with the following initial conditions in the local-

vertical-local-horizontal frame Oxy (Fig. 2c):

x=a—(l+1,),y=0,%x=0,y=0 (36)



Depending on the separation altitude (x:a—(I1+I2)), the space probe can

free-float around Mars, including reaching the surface of Mars.

(@) (b) | (©) |
Station i End-mass Probe
ANVm, N ‘m: ANym,
[ . [ : L ;
15 Climber ) Station ) Station
X m, 7 m, 7 m,
I QL, / L l L
A A RV V!
_.,-7
[, +1,=I=const [, =const L=[,(1) [, =const /,=const

Fig. 2. (a) The standard space elevator, (b) the hovering space elevator and (c) the

space floating probe.

Both types of space elevators described above can be modeled using the
mathematical model of the space elevator presented in Section 2. Note that it is

possible to study other similar missions using the proposed mathematical model.

4. The classical lunar space elevator
4.1. Ascent to the station

The ascent of the climber to the station consists of three phases: acceleration
from zero velocity to a given velocity, the main phase of ascent at a constant velocity

(V =const ), and the braking phase, similar to that proposed by [34].

Accelerating phase t (t,,t, +t, )

10



T

| =1, + 2 sin{ﬁ(t_to)} 37)
,

Main phase te(t, +t,,t, -t )

|, =1, +V{t—t0 —t, (1—3]} (38)

T

Decelerating phase t (t, —t,.t, )

L=1,+(t, —t0—2tV)V+4VtV cos{”(t_tf)] (39)

T

(Vlzillz—Vsin M ,Wl:ivlz_ﬂcos ”(tf _t) )
2t, t,

2,

where |, is small length of the tether I, at the initial moment of time t,, t, is the

end time, t, is the time corresponding to the acceleration and deceleration phases.

Fig. 3 plots the tethers’ deflection angles &, , 6, and the tensions T, and T,, when the

climber and the station have the masses

m, =10kg, m, =100kg (40)

The climber's velocity is

V =0.5ms™ (41)

The following initial conditions are used for simulation

6,=0.1rad , 6,=-0.1rad, ,=0, 6,=0 (42)

11



The space elevator’s total length is

| =1, +1,=100km (43)

(a)

0.1 :
0.05 {1 |
o sodl bt

0.1

0.. [rad]

(b)

T,, Ty, [N]

0 10 20 30 40
/. [rad]

Fig. 3. (a) The tethers’ deflection angles &,, 6, and (b) the tether tensions T, and T,

for the phases duration t, =25s.

The oscillations of the tether remain close to the initial values, as shown in Fig. 3,
and the tether tension force reaches values of about 2.5 N at the final braking section

of the climber.

4.2. Descent from the station

12



The three phases of a climber's descent from the station to Phobos are as

follows:

Accelerating phase t (t,,t, +t, )

T

=11, + 2 sin{ﬁ(t_to)} (44)
,

dt

(V, :il1 :Vsin{M}, W, =iv = il cos{”(t_to)}
2t,
Main phase te(t, +t,,t, -t )

L =1-1, +V[t—t0—tv(1—£ﬂ (45)

T

Decelerating phase t (t, —t,.t, )

V2 4t,

(V, =%|1 =-V Sin[ﬂ(tzf—tv_t)},w1 :ivl O cos[ﬂ(tf _t)jl)

dt 2, 2,

=l +(t —ty—2t, v + 2 co{”(t_tf)} (46)

Fig. 4 illustrates the descent of a climber at a velocity of
V =-0.5ms™ (47)

The tether vibrations remain within the limits close to the initial values and the
tether tension force does not exceed 2.5 N. The masses of climber and station, the
initial conditions of motion and the total length of the space elevator are determined

as in the case of ascent by expressions (40), (42) and (43).

13
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z
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0.5} e MY — e
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Fig. 4. (a) The deflection angles of the tether &, 6, and (b) the tether tension T,

and T, for the acceleration and deceleration phases duration t, = 25s.

5. Ascent of the end-mass above the station along the primary line

5.1. Preliminary comments

Consider a space elevator where the station is anchored to a tether of constant

length (1, =const ) and is located above of the L1 libration point relative to Phobos,
so that the tether |, is always taut. The tether I, can now be deployed towards Mars.
In this case, the station is now labelled as m, and the end-mass is labelled as m,

(Fig. 2b). In the following, the primary line is the line connecting the two primary

bodies (Mars-Phobos). It is clear that if the length of the tether I, changes slowly,

the tether’s oscillation amplitude oscillations will also change slowly, i.e.

adiabatically. Approximate analytical law for the variation of oscillation amplitude

14



of the tether is obtained below and compared with the solution obtained by numerical
integration of Egs. (24) and (25).

5.2. Adiabatic invariant and approximate analytical solution for the amplitude of

the tether oscillation

Adiabatic invariants [37-40] find applications in many fields, and the
underlying ideas, such as averaging methods, are used in the study of oscillating
systems with slowly varying parameters, for example, to determine the envelope of
the angle of attack during spacecraft re-entry [41]. Let us introduce assumptions that
allow to obtain the required adiabatic invariant without distorting the physical

picture of the process under study:
1. The mass of the station is much greater than the mass of the end-mass

m,/ m <1

(48)
2. The circular restricted three-body problem is considered.

3. Due to the condition (48), the end-mass has little effect on the behaviour of the

station, and the station can then be assumed to be stationary on the primary line

6, =0 (I, =const) (49)
4. The angles of the tether |, deflection are small

0, <1 (50)

5. The end-mass velocity is low

£= v <1 (51)
nb

15



where n is mean orbital rate, ¢ is the small dimensionless parameter, b=a—1, is
the coordinate of the B point of attachment of the space elevator in the frame Oxy

(Fig. 2b).

The equations of motion (24)-(27) include the tether tension forces (32)-(33),
their exclusion from the equations is a separate complex problem, the solution of
which leads to cumbersome equations of little use for further analytical calculations.
Therefore, the Lagrange formalism is used below to derive equations of motion that

do not explicitly include the tension forces.

On the basis of the above assumptions, this space elevator can be thought of as
a pendulum of variable length, fixed at a point on the primary line, which is far from

the surface of Phobos at a distance of I,. The equations of plane motion of the

variable length pendulum can be obtained in the frame Oxy using the Lagrange

formalism
do o _, dad o_, (0=6,,1=1,) (52)
dt o8 06 dt ol dl

where L is the Lagrangian. The position of the end-mass can be determined as
r=(b-Icosd,—1sing,0)", (53)

The velocity of the end-mass in the inertial coordinate system can be found as

dr
V, =—+nxr o4
=g X (54)

where n=(0,0,n)" is the mean orbital rate vector. The Lagrangian function can be

found as
L=T-U (55)

where T is the kinetic energy of the systems, U is the potential energy.

16



m
T=2VV, (56)
M M
U =-Gm L + 2 (57)
JrR)-(rR) Jr-R,)-(r-R,)
R, = (—yp,O,O)T , R, = (foO’O)T (58)

where m=m,, p is the distance between the primaries. Egs. (52), taking into

account (55), (56) and (57) can be expressed as follows

16 +

GM, (b+ pu)siné . GM, (b pv)sing
3

3
N £

~bn’sing+2(n+6)=0  (59)

GM, (1 - (b+ pu)coso) N GM, (1 -(b- pv)cosd)

3 3

. o\ 2
+bn20039—l(n+9) -0
rl r2

| +

(60)

where

|r1=\/l2 +(b+ py)2 —2l(b+ pu)cosé, r, :\/I2 +(b— pv)2 —2l(b— pv)cosé (61)

Assuming that the law of variation of the tether length is given as a known

function of time

I =1(t) (62)
then for small angles 8 <1 equation of the pendulum (59) can be written down as
follows

0+w’0=0 (63)

where the frequency of oscillation is

17



a)(l): 1 GMl(b+ p,u)_i_GMz(b—pv)_bn2 (64)
| (b+pu-1)’  (b—pv-I)

The expression in brackets is the sum of the forces acting on the end-mass: the
gravitational force of Mars, the gravitational force of Phobos, the centrifugal force

in the frame Oxy. This sum is positive because the station is above the L1 libration

point relative to Phobos. In general, a second-order linear differential equation of
the pendulum type (63) with a slowly varying frequency is not integrable in

quadrature and is rather difficult to study. However, if the frequency changes slowly
—=—V =¢—D0n, (65)

such a study can be carried out using the concept of the adiabatic invariant [34-37]
J= <j> p,dé = const (66)

The generalised impulse is defined as

oL .
Sty 7] 67
Po 00 (67)

where the Lagrangian corresponding to Eq. (63) is

A2 2
L= 12 (68)
2 2

The solution of Eq. (63) is written as
6 = Asin ot (69)
Substituting this solution into Eq. (66) gives the adiabatic invariant in the form

J= Izgﬁézdt = A%’ = const (70)

18



The amplitude of the oscillation as a function of the length of the pendulum is

therefore

C

_ C —
AUY:ﬁ%m) J{GMKb+WQ+GMAb—m0 o

(71)

i (b+pu—-1)  (b—pr-Iy

where C >0 is a positive constant, which is determined taking into account the
initial conditions. Eq. (71) could also be obtained by following the calculations [39,
pp. 55-56].

If point B is above L1 of the libration point b <x,_ (Fig. 2b) and the length of

the tether does not exceed | <(b+ pu), then the partial derivative of the amplitude

(71) with respect to the length of the tether is less than zero

G {Ml(b+ pu) N M, (b- pv)}{GMl(m py)+GM2(b— pv)_bnz}
oA_ 3c [(b+pu-t)’ (b-pv-1)'] [ (b+pu-1)’ (b-pv-1)

a4 GM,(b+pu) GM,(b—pv) |
|7/4 1 + 2 _an

(b+pu—1)  (b—pv-Iy

(72)
It is clear that as the length of the tether increases
dl
—=V >0 , 73
ot (73)

the amplitude of the tether oscillations decreases, and vice versa, as the length of the

tether decreases, the amplitude of the tether oscillations increases.

5.3. Simulation of the end-mass ascent

19



Fig. 5b shows the angles of the tether deflection 4,, 6, and the tether tensions
T, and T,, and also the amplitude of the oscillations of the tether |,, calculated by

the approximate formula (71), when the masses of the station and the end-mass are

equal, respectively
m, =100kg, m, =10kg (74)
The end-mass velocity is
V =05ms™ (75)
for the following initial conditions:
6,=0.1rad , 6,=-0.1rad, ,=0, 6,=0 (76)

The station is fixed at a height above the surface of Phobos I, =10km, and the

tether with the end-mass at the end will be deployed from a distance of

|, =1500km from the station towards Mars. The three phases of tether I,
deployment are similar to the three phases of tether |, deployment, as determined

by Egs. (37)-(39).

20



(a)
0.1

0.05
0
-0.05
-0.1

0,, [rad]
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(a)

0,, [rad]

0 100 200 300 400 500 600
t, [s]

(c)

T, T,, [N]

0 ; : : § s :
0O 100 200 300 400 500 600
1, [s]

Fig. 5. (a) The deflection tether angle &,, (b) the deflection tether angle &, , and the

amplitude of the oscillation A and —A, (c) the tether tensions T, and T, for duration

of the phases t, = 200s.

Three points can be made from the graphs in Fig. 5:

21



- Fig. 5a. During the tether I, deployment, the oscillations of not only the tether 1,

but also the tether |, are damped.

- Fig. 5b. The obtained approximate analytical solution (71) shows a good qualitative

agreement with the results of the numerical integration of Egs. (24) and (25).

- Fig. 5¢c. The tension force of both tethers increases when the tether is deployed and

does not exceed 2 N.

5.4. Simulation of the end-mass descent

The end-mass can return to the station by retracting the tether I,. When

simulating the motion of the space elevator, the end-mass velocity during the main

phase of the descent is set to
V =-05ms™ (77)

The three phases of tether I, retraction are similar to the three phases of tether |,
deployment, as determined by Eqgs. (44)-(46). The station is fixed high above the
surface of Phobos |, =10km, and tether I, with the end-mass is deployed 250 km

from the station towards Mars. The masses of the station and the end-mass and the
initial conditions of motion are taken as in the case of the end-mass ascent according
to formulas (74) and (76). Fig. 6 shows the results of the numerical integration of

the space elevator equations of motion (24)-(27).
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Fig. 6. (a) The deflection tether angle 6,, (b) the deflection tether angle 6, , and the
amplitude of the oscillation A and —A, (c) the tether tension T, and T, for duration

of the phases t, = 200s.

Note that for tether I, length of 250 km, the amplitude of the oscillations

increases to values of 1 rad (Fig. 6b) as the end-mass approaches the station; for the

longer tether length, the amplitude increases with subsequent winding of the tether
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I, onto the station. To prevent this phenomenon, additional devices are required,

such as small engines as described in [42].

6. Flight trajectories and descent of a probe to Mars

Consider the case where, on this second space elevator type, the end-mass (or
a probe) separates from the tether after reaching the endpoint. It is assumed that at
the moment of separation the probe is on the primary line and its velocity in the

frame Oxy is zero. The simulations are carried out by numerical integration of the

classical equations of free motion in the context of the planar circular restricted
three-body problem [35] for the initial conditions (36). Depending on the separation
height of the climber (y=1+1,,I, =const), i.e., the length of tether |,, different

pictures with different periods and heights of Mars circling (Figs. 7a, 7b, 7c), or
descent to the surface of Mars (Fig. 7d) are observed. The trajectory of the descent

to Mars is shown without taking into account aerodynamic forces.

(@ (O
1-10 1-10
/_/\ /,=100 km 1,=500 km
5-10° // 5-10° /\
B0 <> T 0 < <> X
i x\\,ﬂ/// - \/
-1-10° B [ U5 1)) - : — 1
-1-10" -5-10° 5-10° 1-10 -1-10° -5-10° 0 5-10° 1-10
x; [m] X, [m]
© @
1-10 - 1-10
1000 km - |£=1500 km
5-10° 5-10°

v, [m]

0 \o

5 10° 5 10°

y, [m]
Y )

L
=

3 -1-10'— f )
-1-10"-5-10° 0 5-10° 1-10 -1-10"-5-10° 0 5-10° 1-10
x, [m] X, [m]

24



Fig. 7. Probe trajectories as a function of the length of tether I, .

It can be seen, firstly, that there are points on the overflight trajectories (Figs.
7a-7c) where the velocity of the climber (probe) is zero, including the initial point,
and, secondly, that the trajectories of the descent to Mars, such as the one shown in

Fig. 7d, depend on the length of the tether |, at which the climber separates from the
tether.

6. Conclusions

The space elevator anchored to Phobos under the L1 libration point is
considered in the framework of the planar restricted elliptic three-body problem. The
main results of the paper can be reduced to a few points:

1. The principal possibility of functioning an anchored elevator below the L1
libration point of two configurations of the Mars-Phobos system is shown:

- a classical configuration, when the climber is below the station, i.e., between the
surface of Phobos and the station.
- a new configuration, when the end-mass is above the station of space elevator.
In the first case, the length of the space elevator remains unchanged, whereas in
the second case, the length of the space elevator increases when the tether with
the climber attached is released and decreases when the tether is retracted. In both
cases, the station is located above L1 of the libration point to ensure tether tension.
2.The law of the climber motion is chosen to ensure that the tethers are tensioned as
the climber moves.

3. Using the concept of adiabatic invariant, it is shown analytically and confirmed
by numerical modelling that the oscillations of the tether are damped when the
second configuration of space elevator is deployed, while the amplitude of the
oscillations increases when it is retracted. The second circumstance limits the

length of the space elevator if it needs to retract.

25



4. It is shown that the second type of space elevator with a free end can be used as a

stationary probe (in the Local-Vertical-Local-Horizontal frame Oxy), fixed at a

given distance between Mars and Phobos, and a means of launching a probe on a
fly-around trajectory and a descent trajectory to the surface of Mars.

Obviously, these preliminary analytical and numerical studies of the

functioning of the space elevator anchored to Phobos do not exhaust all the

possibilities of implementation of the proposed concepts.
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